N70- /7377
NASA-CR- JOT95;

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

Technical Memorandum 88-440

Paramagnetic Energy Levels of the Ground
State of Cr*® in Al,Os (Ruby)

Robert W. Berwin

JET PROPULSION LABORATORY
CALIFORNIA INSTITUTE OF TECHNOLOGY

PASADENA, CALIFORNIA

January 15, 1970



Prepared Under Contract No. NAS 7-100
National Aeronautics and Space Administration



NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

Technical Memorandum 33-440

Paramagnetic Energy Levels of the Ground
State of Cr*3 in Al,O3 (Ruby)

Robert W. Berwin

JET PROPULSION LABORATORY
CALIFORNIA INSTITUTE OF TECHNOLOGY

PASADENA, CALIFORNIA

January 15, 1970



Preface

The work described in this report was performed by the Telecommunications
Division of the Jet Propulsion Laboratory

JPL TECHNICAL MEMORANDUM 33-440



Acknowledgment

The author gratefully acknowledges the advice and help of Walter H. Higa,
who suggested the writing of this report and contributed to the calculations of
the crystalline potential.

JPL TECHNICAL MEMORANDUM 33-440



Contents

I. Introduction .

ii. Crystalline Electric Fieid .

Ilf. Matrix Elements of the Crystalline Potential V. .
IV. Spin Hamiltonian .

Appendix. Computer Output of Energy Levels and Transition Probability
Matrix Elements for Ruby at # = 54°44’ and 90° .

References .

Tables

1. Spherical and Cartesian coordinates of point charges of tetrahedron
expressed in transformed coordinates .

2. Valves of Z,, and Z,; for point charges of the tetrahedron .

Figures

1. Coordinate system depicting potential at r due to poinf charges at R; .

2. Arrangement of atoms in an eight-fold cubic coordination showing
tetrahedron and three-fold symmetry about diagonal
lo,a,a)=> (—a, —a, —a} .

3. Coordinate system of the external de magnetic field hg .

JPL TECHNICAL MEMORANDUM 33-440

.10

. 25



vi

Abstract

The orbital splitting of the chromium (+3) ion in a host lattice of ALO; (ruby)
is calculated on the basis of crystalline field theory. Spin-orbit coupling and the
Zeeman energy are treated as a perturbation on the orbital singlet ground state
in order to derive the spin Hamiltonian. A program has been written for the
Univac 1108 computer to diagonalize the spin Hamiltonian matrix. Plots of
fine-structure energy levels vs magnetic field are given for 6 = 54°44’ and 90°,
where 4 is the angle between the C axis of ruby and the external dc magnetic field.
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Paramagnetic Energy Levels of the Ground

State of Cr**

I. Introduction

Chromium-doped Al,O; (ruby) has represented a vi-
tally important component in maser development at JPL.
It is essential to investigate the basic maser properties of
ruby, among which are fine-structure energy levels and
theoretical transition probabilities, in order to know to
first order the performance of ruby as a maser material.
Therefore, this study was undertaken in an attempt to
develop an insight into the problem of what makes a
good candidate for a maser material, while providing
useful information concerning ruby. Treatises on the vari-
ous subjects in this report are cited, and an attempt is
made to compile these subjects into a detailed treatment.

One of the results of this study is a computer program
which plots the fine-structure energy levels as a function
of magnetic field and gives the transition probability
matrix elements for chromium (+3) in ALO, (ruby).

The motivation for this paper has been to provide an
introduction of the subject.

il. Crystalline Eleciric Field

It is appropriate to begin with the Hamiltonian of the
free Cr+* ion, the electron configuration of which is
1522522p%3523p®3d°4st. A typical characteristic of a tran-
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in

Al O, (Ruby)

sition group element is illustrated by this configuration
in that the outer s shell (4s) begins to fill before the inner
shell (3d). The result is that for the case of Cr*, the 4s?
electron and two of the 3d® electrons are used for chem-
ical bonding in the ALO; crystal, leaving an inner shell
3d? configuration, which gives the magnetic properties
of this ion. In the central field approximation for N elec-
trons and a nuclear charge Ze, the Hamiltonian is given
by a sum of Coulomb and spin-orbit interaction terms?

H = Heour + His (1>

Ze2>
- )+
Tx

N
s = 2 ALg 8
k=1

where

N

_ Pi
ggcoul - Z <2m

k=1

82
Tik
i<k

and

The form of &us is the result of assuming Russel-
Saunders (L-S) coupling in which L and § are total angu-
lar momentum and spin of the N electrons. Consequently,
each eigenstate can be labeled by L, S, M, My (or J,M,),

1The chromium ion (Z = 54) has no nuclear spin; for this discus-
sion, nuclear interaction terms are not listed.



where M, Mg, and M, are the z components of L, S, and
] =L + S, respectively, in a magnetic field. The inter-
action energies of SHcour and s are approximately 10°
cm™ and 102 em™, respectively.

The &Hecour for 3d electrons gives rise to energy levels
separated by optical transition frequencies. The ground
state of the Cr++ ion is labeled by the term *F;,,, where
S=3/2, L =3, and ] = 3/2. The orbital degeneracy is
7 and each orbital level has a spin degeneracy of 4.

When the Cr*+ ion is placed in the crystal of Al,O,
the electrostatic fields exert an influence on the unfilled
3d shell, and the orbital degeneracy of the ion is lifted by
means of an internal Stark effect. The crystalline field
theory assumes that the charges surrounding the ion are
point charges and the potential at the ion site is deter-
mined from Laplace’s equation. The symmetry of the
electrostatic fields simplifies the form of the potential con-
siderably and determines the orbital splitting. The inter-
action energy of the crystal potential V., for the Cr** ion
in AL,O; is of the order of 10¢ em™?, and thus falls between
the Coulomb and spin-orbit coupling terms. The poten-
tial energy due to the crystalline field is treated as a per-
turbation on the ground state *F;,, term. Later, in deriving
the spin Hamiltonian, the spin-orbit and Zeeman terms
are taken together and treated as a perturbation on one
of the nondegenerate orbital energy levels.

The Hamiltonian of the crystalline field is expressed as

He. = — lelz Ve (i, 05, di)

where the sum is over each of the surrounding charges
making up the symmetry of the electrostatic field in the
crystal, and V. is the potential of each charge satisfying
V2V, = 0. The potential at r due to point charges q at
R; (see Fig. 1) is

1
Vc(f,0,¢)=qz = =1
_ l l_l_f__rcos«ui 2
""2 :Ri R: R

The square root can be expressed in terms of spherical
harmonics

Vel(r,8,¢)= E E q f{—tﬁi P, (cos w;)

Ry 8 ¢7)

{r. 8, )

Fig. 1. Coordinate system depicting potential at r
due to point charges at R;

From the addition theorem for spherical harmonics
(Ref. 1),

47 n
Pa(cosei) =5——7 Z (=1 Y7 (6,9) Y;" (05, 43)
Therefore,
V. (r,8,¢) =

. ™ 4r
E E TRmgn 110 V" Y0 (6:9) Yo (05, 64)

i

Since the spherical harmonics are complex for m > 0,
it is convenient to express the potential in terms of tes-
seral harmonics, defined as

Zuo (0,4) = Y2 (6, 9)
Ze, (0,9) = (;W[Y;,m + (=1 ym]

i

Z, (0,¢) = % [Y;»— (=1)mym]

Therefore,

Ver,0,8) = 3 S ynat™ Zua(6, ) @)

n=0
where

_ 4z Zra (Gi, qS,)
Te= 2 o +197 Rem

%

(2a)

The objective in determin/ing the splitting of the degen-
erate orbital levels in the crystalline field is to find the
matrix elements (L, M| V.|L, M%) of the 7 X 7 perturba-
tion matrix. The elements |L, M,) are the ground state
orbital eigenfunctions

Y1, = B (r) () @ (¢)
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and each matrix element can be found from
S, Ve, undr

For the 3d electron, ¢, , has the form
Yr,u, = R(r) @ (6) e':?

Thus,

/ Y0, Vedna dr ~
/ / T i ging it dr 49 dg = 0
7,0 J$=0

unless M, = m + M}, where we have used the spherical
harmonic representation for V, ~ ¢*™?, Since L is con-
stant in these calculations, the matrix elements will be
denoted by (M.|V.| M%), where L = 3 is implicit. Sym-
metry considerations of the crystalline field, in this case
three-fold symmetry about an axis, will retain only cer-
tain terms in the expansion, Eq. (2). If R (¢, z) represents
a rotation transformation of the spherical harmonics
about the z axis by an angle ¢, then for a three-fold
symmetry axis, ¢ = 2x/3 and

O .
R (—3— , z> Ym = gim2m/sym = ym
since the spherical harmonics must be invariant under
the rotation of ¢ degrees. Therefore, ¢*™27/3 =1 and
m = 0,%+3, +6, - - - . Since the matrix elements must be
invariant under inversion, and

Yo (—x, —y, —2) = (—1)" Y7 (x,9,%),

n must be an even integer since the ground state wave
function product ¢}, Yy, is invariant under inversion.

At this point we resort to the fundamental matrix ele-
ment theorem (Ref. 2). If, in the matrix element

<¢ML|YZLI ‘[’M})

the functions ¢y, Y and ¢y, transform according to the
irreducible representations D, D™ and D@ of the
full rotation group, the matrix element is nonzero only
if the reduction of the product representation D™ X D"
contains the representation D). Thus, since Yy, are
eigenfunctions for the d electrons, they transform accord-
ing to D® of the full rotation group. The matrix elements
are nonzero only if

D(n) X D(2) — Dn+2 + Dn+1 + [P + D|n—2|
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contains D‘®. The allowed values of n are then n=-4.
From all this, the only spherical harmonics representing
the axially symmetric, three-fold potential are those for
which n is even and =4 and [ = 0, =3. Thus,

VC (7’, 0> ¢) =
Y00 Zoo (0, ) + v20 12 Zo (0, $) + a0 1* Zso (6, $)
+ Y43 142y (0: ¢)

The Z,, term can be neglected since it adds a constant
term to the potential and we are left to determine the
matrix elements of

Ve(r,0,¢) = 1°v5 Y (6,9)
+rt {720 Y2 (0, ¢) + vas [Y2(0,9) — Y3 (0,4)]}
3

The coefficients in this potential are determined from the
symmetrical nature of the crystal field.

To illustrate the method of determining the coefficients,
we choose an eight-fold cubic coordination (Fig. 2) where
the point charges are at the corners of the cube. The
coordinates of each atom are shown on the figure, with
the assumption that the origin of the xyz axes is at the
physical center of the cube. If the xyz axes are rotated
into x’y’z’ such that the positive z’ axis is in the 0 > (a,a,a)
direction and the positive x” axis is in the 2,0, (a,a,a) plane

{~a,-a,q) (-a,q,a)
z
f NS
N\,
AN
N
AN
N\,
(al -a, d) (Q,G, d)\
N
\ o
N =y
N
= (-al a, -a)
—~
///
//
//
-
(cl -a, -CI)
(@,a,-a)

Fig. 2. Arrangement of aioms in an eight-fold cubic
coordination showing tetrahedron and three-fold sym-
metry about diagonal (0, 0,a)—> (—a, —a, —a)



(with /z0x" acute), then the atomic arrangement of the
tetrahedron, as shown in Fig. 2, has three-fold symmetry
about the z’ axis. This transformation from xyz to x'y’z’

can be accomplished easily by three successive rotations

x €0s  cos ¢ — cos f sin ¢ sin ¢

y’:

z sin 0 sin ¢

—sin § cos¢ — cos § sin ¢ cos

with the result

, {2\~ 1 1
x—(§> (—zx 2y+z>

v =26y
, 1
z =W(x+y+z)

Table 1 gives the coordinates of the four point charges
in terms of the x’y’z’ axes in Cartesian and spherical
coordinates, where

« = 1’ sinf cos ¢
y = 'sinfsing
z = r'cosd

= (22 + y? + 2'?)% = (3)%a

For our purposes, a rather complete list of spherical
and tesseral harmonics is given in Refs. 4 and 5. From
these references we obtain

=—\/_(3cos26 ~1)

Zy=Y=

4 — 2
16V__(35cos § — 30cos?§ + 3)

*3 —

sm3 g cos § e=31¢

I

H
| o
Q&%’

[70

zZ:, = % - sin® § cos  cos 3¢
170

VARES % o sin® g cos 6 sin 3¢

Table 2 gives the values of Z,, and Z,, for each of the
four point charges of the tetrahedron.
Substituting the values from Table 2 into Eq. (2a) gives

'Yzo:O

_ 2,928
ve = 5 (g o7

cos ¢ sin ¢ + cos § cos ¢ sin ¢

—sin  sin ¢ + cos § cos ¢ cos ¢

about Eulerian angles ¢, 6, y. The definition of the
Eulerian angles used here follows that in Ref. 3. The suc-
cessive rotations are ¢ = 135°, § = tan™ (2)%, and ¢ = 90°.
The resultant transformation is given by

sin ¢ sing x

cosysinf || y

—sind cos ¢ cosé z
and
10
yaa = ——<w> 7)) For
where d = (3)%a. Equation (2) becomes

(1") or-w| @

lll. Matrix Elements of the Crystalline Potential V,

Ve= g 27[

The equation fy} Veyu, dr is the most direct way to
evaluate matrix elements but requires the knowledge of
the ground state eigenfunctions for the 3d electrons.
Although it is possible to perform the integrations in the
usual way (see Ref. 6 for a discussion of this method), we
shall consider a more convenient method, introduced by
Stevens (Ref. 7), called the “operator equivalent method.”
In this method, the potential, Eq. (4), is expressed as a
function of Cartesian coordinates, and x,y,z are replaced
by the angular momentum operators L,, L,, L,, respec-
tively.

Although x, y, and 2z commute, the commutation rules
for the angular momentum operators must be observed.
(It is not the purpose of this report to expound on the
reasoning behind the equivalence of the resulting matrix
elements, as it involves a discourse on group theory.)
The reader can resort to the references dealing with the
Wigner-Eckart theorem (Refs. 8, 9, and 10), which is
the basis for the operator equivalent method of Stevens.

Using the transformations x = rsiné cos ¢,
sin¢g, 2 =rcosd,

y =rsinfd

3 35z — 30z272 + 3rt

T "

and

. 3 (T0\% z (x* — 3xy?)
z=5(7) ==
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Table 1. Spherical and Cartesian coordinates of point charges of tetrahedron
{Fig. 2) expressed in fransformed coordinates (along diagonal of cube)

Xyt X'y’ coordinate Spherical coordinates

coordinate (Cartesian) cos 8 sin 8 9 cos ¢ sin ¢ &, deg
{a,a,0) 00,/ 3 q) 1 0 — — —
. 2 1 _ 1 V2 i 1 V3

{a,—a,—a) ( 3 a, ﬁa, '/-3-0) 3 2 tan™" 2 ﬁ 2 2 120

ga— Y _1 ] V2 _, _1 _V3

{—a,0,—a) ( 3 a, ﬁa, l/-‘-3-&7') 3 2 tan™ 2 ;/7 2 2 240

(—a,—a.q) (2\/z O—]—u) -1 2 L2 tan2 Y7 1 0 0
a,—a,q 390 '/-5 3 a

Table 2. Vaives of Z,, and Z,; for point charges
of the tetrahedron

Coordinate Zy Zso z3, Z3
1 \/? 3
(a,0,0) \7 2 8 6/ 0 [}
{a,—a,—a) 1 f_(_l 8_3 ______‘6'/721/29 0
c 4 Nar 3/|8116 vy 81 8 Vo
1 [3 2\| 8 3 16 Y23 (70
J— — — — e — -— - —_ - p-4 0
(—aa,~a) 4V¢r( 3) 8116 y @ g1 8 Vw
5
(—a—aa) | LA /_(_1) &_3 | _18y23 [0
4 N7 3/| 8116 Y7 81 8 V7

The operator equivalents for these tesseral harmonics are
= (3524 — 30z 7% + 3r}) = (*) B, [35L; — 30L(L + 1) L2
+ 2502 — 6L (L + 1)
+3L2 (L + 1)*] = (%) 8. 09
and
1
32 (6} — S yt) = () B [La (L2 + L)

+ (L3 + L&) L.] = () B O3

where (r*y = f[f (r)]2r¢dr, f(r) is the radial part of the
wave function, 8;, is a multiplying factor which is equal to
2/315 for the ground state *F,, of Cr*+, and L. = L, =+ {L,,.

With these definitions, the potential, Eq. (4), becomes

2 le| 7
Vo= —-5-’;45'56- Bu (1) [03 — 20 (2)% 0% (5)

The matrix elements (M;|O™| M%) have been tabulated
in Refs. 4 and 11. The only nonzero matrix elements are
those where M, = m + M}. Thus, for O, M, = M7, and
the diagonal elements are

(3]02|3) = 180
2]09[2) = —420

(1]02[1y =.60
(0]02|0) = 360

For O, the off-diagonal elements (M,|O2| M) are

(2]03] — 1) = —120 (5)%
(3|02]0) = —180 (10)%

The matrix, then, with
(—My|0%|— ML) = —(M,| 03| Mz),

is

L 3 2 0 ~1 —2 -3
3 180 0 —180 (10)% 0 0 0
2 0 —490 0 0 —120 (5)% 0 0
1 0 0 60 0 0 120 (5)% 0
0 —180 (10)% 0 0 360 0 0 180 (10)%
—1 0 —120 (5)% 0 0 60 0 0
—2 0 0 120 (5)% 0 0 —420 0
—3 0 0 0 180 (10)% 0 0 180
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Diagonalization of this 7 X 7 matrix yields the follow-
ing eigenvalues:

E = 1080 (singlet)
E = 180 (triplet)
E = 540 (triplet)

and the Hamiltonian H,. has the following eigenvalues:

E, = 18K (triplet)

E, = —6K (triplet)
E; = —36K (singlet)
where
_24qle| 7T
K= 3 & 3630'8L ()

Thus, the ground state of the Cr*** ion in an eight-fold
cubic coordination taken along the diagonal axis which
has three-fold symmetry, is split up into two orbital trip-
lets and a singlet. The singlet is actually four-fold .spin-
degenerate, and our next task is to apply spin-orbit
coupling and Zeeman perturbations on this singlet level
in the form of a spin Hamiltonian.

IV. Spin Hamiltonian

The experimental values of the g factor of Cr** in
Al,O; show a slight anisotropy; ie., g = 1984 and
g, = 1.9867, where g) refers to the z’ direction (§ = 0°)
and g, = refers to the plane perpendicular to the z" axis
(6 = 90°). However, it is noteworthy that the average g
is close to the spin-only value of 2.0, compared to g = 0.4
if angular momentum is included. Thus, the atom acts
as if L =0; ie., the magnetic moment is quenched. In
fact, disregarding spin-orbit coupling, the angular mo-

The second-order term is

mentum of the orbital singlet is totally quenched and
has no angular momentum. The slight anisotropy of the
g value is a result of spin-orbit coupling which admixes
the singlet ground state with the upper states and thus
restores some of the angular momentum. The spin-orbit
coupling then accounts for the difference between the
spin-only g value and the actual value. In the derivation
of the spin Hamiltonian,?t{nie nondegenerate ground state
is treated as an unperturbed, isolated level (which is four-
fold spin-degenerate), and all other orbital levels are
ignored. This isolated level is considered to be a dipole
with 2S + 1 orientations and a g factor (usually aniso-
tropic) which is close to the free spin value. The success
of using this method depends on the spin-orbit coupling
and Zeeman energies being small compared with the sep-
aration between the orbital levels; also, the spin-orbit
coupling must be smaller than the Zeeman separation
energies.

The perturbing Hamiltonian has the form

G’ = AL+S + GH- (L + 25)

where the first term is spin-orbit coupling and the second
term is the Zeeman energy.

Up to second order, the perturbed energy is

O’ |m) (n]|H’|0)
E,— E,

Hs =W, + W, = 0|&H'|0) —

n#0

where |0) is the ground state eigenfunction (the orbital
singlet) and |n) are eigenfunctions of the higher-lying
orbitals. Since the ground state possesses no angular mo-
mentum, then (0|L;|0) = 0 for i = x, y, 2. Therefore,

W, = (0|AL+S + gH- (L + 25)|0) = 28H - § (0|0)
= 96H-S '

(O|AL+S + SH« (L + 2S)|n)(n|AL+S + H- (L + 25)|0)

W2:'—'

nEO

E,—E,

The orbital angular momentum operates on the eigenfunctions, and terms not including L can be factored out of

the matrix element. Thus, for example,

A2[{0]| LS| n)(n|L,Ss|0) + (0| L,S,|n){n|L,S,|0) + - - - -+ (0] L,Ss|n)(n|L,S,|0) + - - - ]

(O] AL-S|n)(n|AL-8]0) =

:)@2 :SiSj (0| Li|n) (n| L;| 0)
7

En_EO

(En - EO)
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Expanding W, similarly for the other terms gives

W, = —‘2 [)\zAijSiSj + ﬁzAiniHj + 2,8)\A¢,-SiH,~]
ij

where

”22 : E,—E,
n#0

Therefore,

H= Z [—AzAijSiSj — ﬁzAiniHj + 23(3@7 — )\Aij) S@H]]

if

and
Dij = —\Ay;
then
Gt. = 2 [giiB8S:H; + Di;8:85], (i =xy,2)
i ®)

where we have omitted the quadratic term of the mag-
netic field —B2A;;H;H; since it is a constant independent
of spin. The g;; is the g factor tensor, and D;; determines
the zero field splitting of the orbital singlet.

In ruby, the only directions we are concerned with in
the g and D tensors are the z axis and the x-y plane.?

If we define Therefore, we define
gii = 2(8“ B AA”) Ape = Ay = Ay, Age= Ay
and
Box — Bp=§g1 — 2 (l - )\sz) 5 e =g = 2 (1 - )\Azz)
Then,
2 Di;SiS; = — a2 [A (82 + 82) + Ay SE]
ij
= \? [(A._L - Au) S,?, - A_LS (S + 1)]
1 A2
=D I:Sg — ':’3‘5 (S + 1):’ — ?S (S + 1) (An +2AL) (7)

where we have substituted S + S$2=S(S + 1)— S and
defined D = A?(A; — Ay). The second term in Eq. (7)
can be neglected since it represents a constant term in
the Hamiltonjan.

For our purposes we can neglect the slight anisotropy
of the g factor and use an average value, g. The first term
in Eq. (6) becomes gBH * S, and the final spin Hamiltonian
becomes

g€s=gﬁH'S+D|:S§——~§S(S+1)J 8)

where § = 3/2.

To compute the energy levels of the spin Hamiltonian,
we must find the eigenvalues of 9768]%) = E;|¢;). This
equation is easily solved by forming the matrix [&#;] and
solving the secular equation ]9?8 — E;I| =0 for the
eigenvalues E;;i=1, - - - ;4. The method of finding
[#:] can be found in the literature (Refs. 12 and 13),
and one of several but equivalent methods can be used.
As mentioned before, the orbital ground state of the Cr++*
ion is four-fold degenerate. The eigenvector |¢;) can be

JPL TECHNICAL MEMORANDUM 33-440

expressed as a linear combination of the four pure spin

states:
3 1 1 3
P rhig)ral-g)rd|-3)

where [3/2), etc., are the base states referring to the
2S + 1 positions of the dipole in the magnetic field.

|g:) = a;

In the Hamiltonian, Eq. (8), we substitute
H, = H,sinf cos ¢
H, = H,sinfsin ¢
H,= H,cos¥f

where H, is the maximum value of the dc field which
makes an angle § with the z axis (Fig. 3). Since &, has
axial symmetry about the z axis, we can let ¢ = 0. There-
fore,

s = gBH,(S,sin @ + S, cosf) + D (sg — %) (9)

2In the following, primes are omitted from x'y'z’ and the z axis is
taken to be along the diagonal of the cube in Fig. 2. The z axis is
then the C axis of the crystal.



It is convenient to express S, and S, as matrix operators of the following form (Ref. 14):

0 (3% 0 0 0 —3)%i 0 0 30 0 O
s 1{3)% 0 2 0 S 1] (3)%i 0 —2i 0 s _ 1101 0 O
T2lo 2 0 @/ 2] 0 % 0 —@%il| 200 0 -1
0 0 3 0 0 0 (3)%2i 0 00 0 -3
(10)
Substitution of these matrices into Eq. (9) gives
3 %
EgﬁHocosa +D (32) zg,BHosinG 0 0
(3)% . 1 :
Tg,BHosmG 3g,8Hocos6‘ —D gBH,sin § 0
[gfs] - - (11)
. 1 (3)% .
0 gBH,sin 6 -EgBHocosﬁ —D 9 gBH, sin
% 3
0 0 (32) gBH,sin 6 ) gBH,cos6 + D
The stimulated transition probability per unit time of a
transition from state ¢; to state ¢; is given by (Ref. 14, z,C
p- 199)
1 Ao
Wi =27G (|9 |9)]* (12) |
I
where H’ is the applied perturbation, G (f) is the density :
of states, and y = gBuo/h. For an rf magnetic field H, g |
applied to the spin system in the crystal, the dipole inter- }
action energy is p°H,; = gS+H,. Therefore, ; y
~ | e
1 ¢ S | v
Wi = = 7v*G(f) gB(y: | Hy» S|y;)]* AN
4 ~_ | Ve
———————————— M\
If ¢, ¢, and ¢s are direction cosines of H, with respect N

to the x,y, z axes in Fig. 3, then H, = H° (6,7 + ¢] + oK),
and matrix elements of Eq. (12) become, using Eqgs. (10)
for the representation of S,

(s |Hi - Slyy) _

H}
laibicid;] 33 (3)% (1 — id2) 0
(3)% (¢ + idp) $3 2 (b1 — ichs)
0 2 (1 + ics) — s
0 0 (3Y% (¢: + igs)

(3% (d1 — ids) || ¢;

Fig. 3. Coordinate sysiem of the external
dc magnetic field H,

0 a;

0 b;

= a;jp; T iBijP2 + yiids (13)

_3¢3 di
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where
ai; = (3)%(aib; + bta; + cid; + dic;) + 2 (bic; + ¢ib;)
Bi; = (3)%(—aib; + bia; — cid; + dic;) + 2(—=Dbic; + cib;)
Yii — 3 (a’i“a,- - djd;) + bfb] - C’,l;Cj
Diagonalization of the spin Hamiltonian, Eq. (11), and computation of the transition probability matrix elements
(ie., @;j, Bij, and y;;, have been programmed in Fortran V language for the Univac 1108. The program computes
eigenvalues and orthonormal eigenvector coefficients a;, b, c;, d;. A plot is also made of the eigenvalues vs magnetic

field from 0 to 10 kG for a given value of 6. The results of these computations are listed in the Appendix for § = 54°44’
and 90°.
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Appendix

Computer Ouiput of Energy Levels and Transition
Probability Matrix Elements for Ruby
at § = 54°44’ and 90°

JPL TECHNICAL MEMORANDUM 33-440



30.

ENERGY LEVELS OF CR+3 IN RUBY (AL2-03)

b4

44 et ¢ 4 4

444 t-% 4 -+ 4 444

b4+ 41414 + 14

40,

30.

20.

10.

=“NIGH™ <XOZMOOomym

-30.

H-( KG}
™ETA
5.4733300€ 01

JPL TECHNICAL MEMORANDUM 33-440



ENERGY LEVELS AND TRANSITION PRCBABILITY MATRIX ELEMENTS

FOR CR(+3) IN RUBY (AL2-03)

THETA= 54.733 DEGREES H= 0.0 GAUSS

FIRST RCW OF EIGENVECTOR IS REAL PART, SECOND ROW IS IMAG. PART

EIGENVECTCR FOR E(4)= 5.730CQ0 GHZ
Al4) B(4) C(4) 0(4)
C.8931108E—-34 0.6962002E 00 0.5071397& 00 C.8763578E-34
0.4006738E-33 0.4936993E 00 0.1198984E 00 €.5235862€-33

EIGENVECTCGR FOR E(3)= 5.730C0 GHZ
A(3) B{3) Ci3) D{(3)
0.2357551E~34 —0,2962759E~C] -0.5675999E 00 €.1545277E-33
0.1079737E~-32 0.7210653E 00 ~0.3962541E €0 C.1234076E-32

EIGENVECTCR FOR E(2)= -5.73000 CHZ
A(2) B(2) c(2) _B(2)
0.1401714E 00 0.,1275324E-33 0.4942286E-33 (0.6229365E-C1
0.4T789766E 00 0.1230159E-34 0.3250896E-33 0.8643222E CO

EIGENVECTCR FOR E(l)= -5.73000 GHZ
A(l) B{1) ctL) B(1)
-0.,1685672E 0C 0,1479543E-33 0.7008233E-33 0.9754711€ CO
0.1011655E 00 0.7160902E-33 0.1480275E-33 -0.9902935€~-01

E(4)-E(3) E{4)-E(2) E{4)-E(1) E(3)-E(2) E{3)Y-E(1) E(2)-E(1)

0.€000 11.4600 11,4600 11.46C0 11.4600 -0.0C00

TRANSITION PROBABILITY MATRIX ELEMENTS

TRUK,L) ALPHA (K, L) T*BETA(K,L) GAMMA (KoL)
REAL IMAG ABS REAL 1MAG ABS REAL IMAG ABS
(1,2) 0.0000 _ 0.0000  0.0000 -0.0000 -0.0000  0.0000 0.1490 -2.8326  2.8365
(1,3)  -0.7560 -0.9722 1.2316 -0.5615  1.0260 1.1696 0.0000 -0.0000 €.0000
(1,4 0.7195  0.0234  0.7199 0.5557 - - )¢
12y3)  -0.0634 1.0066 1.0086 0.6073  1.2455 1.3857 -€.C000  0.000C 0.0000
2,4) 0.8128 -1.2040  1.4527 -0.2886  0.3444  0.4493 -0.0000  0.000C  €,00C0
(3,4)  -1.0387 -0.7472  1.2795 0.7298  1.3244 1.5122  0.6707 -0.6495 C.9337
TRUKsL)  .25% (ALPHA®#2+GANMA®*2) .25% (BETA®%2)
(1,2 2.0115 0.0000
{1,3) 0.3792 0.3420
(144) 0.1296 0.3043
(2,3) 0.2543 0.4800
(2,4) 0.5276 0.0505
(3,4) 0.6272 0.5717
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ENERGY LEVELS AND TRANSITICN PRCBABILITY MATRIX ELEMENTS

FOR CR{+3) IN RUBY (AL2-02)

THETA= 54.733

CEGREES H= 20C0.0 GAUSS

FIRST RCW CF EIGENVECTOR IS REAL PART,

SECOND ROW IS IMAG. PART

EIGENVECTCR FCR
Al4)

E{4)= 11.63081 GHZ
B{4) Cl4)

D{4)

0.2209415E 00
0.1213400E 0O

0.7015915€ 0C 0.4693284E
0.2853107E 00 0.2577529E

00 0©0.8343376£~C1
0 0.4582142E-Q1

EIGENVECTCR FOR

E(3)= 2.86723 GHZ

A(3)
~0+4033737E 00

B(3) C(3)
-0.38480972F 00 0.7273033E

D(3)

00 C.2136661E CO

C.1450575E 0C

C.1384175E GG -0.2615461E

00 -0.7683665E-01

EIGENVECTCR FCR
A(2)

E(2)= -2.86691 GHZ
B(2) c(2)

D(2)

0.5254458E 00
0.6899240E 00

~0.2622836E 00 0.1326357E
—0.,2443852E 00 0,1741541E

C0 C.6799565E-C1
00 0.8928531E~01

EIGENVECTCR FGR

E(1)= -11.63113 GHZ

All)
~0.2463838E-01

B(1) ci1)
0.£7C3029E~C1 -0.2578059E

D{1

00 C£.9517895E €O

0.3740838E~02

~0.1017719E-01 0.3914259E-C1 ~C.1445C99E CO

E{4)-E(3) E(4)-E(2) E{4)-E(1) E(3)-E(2) E(3)-E(1) E(2)-E(1)
8.7636 14.4977 23,2619 5.7341 14,4984 8.7642
TRANSTTION PRCEBABILITY MATRIX ELEMENTS
TRIK,L) ALPHA{K,L) I*BETA(K,L) GAMMA(K,L)
REAL 1¥AG ABS REAL IMAG ABS REAL IMAG ABS
(1,2) 0.3311 0.6057 0.6903 0.6098 -0.3333 0.6949 -0.1733 -0.317C 0.3612
(1,3) 1.4439 -0.2845 1.4717 ~0.2768 ~1.4048 1.4318 -0.4414 0.087¢C C.4499
(1,4) 0.3972 .  0.3038 0.50C1 00,3098 ~0.4050 0.5099 -0.C793 -0.0601 0.0999
(243) -0.2723 0.8630 0.9049 -1.4210 -0.4484 1.49C0 -C.3563 1.1288 1.1838
(244) 0.9509 -0.4220 1.0404 0,2066 C.4655 0.5C93 0.1463 —0.0649 C.1600
{(354) 0.2412 0.2732 C.3644 1.6298 -1.4391 2.1742 -C0.7481 -0C.8472 1.1303
TRK,L) 2 25% (ALPHA®*2+4GAMMAZ*2) «25% (BETA%%2)
(1,2) 0.1518 0.1207
(153) 0.5921 00,5125
(1;4) 0.0650 C.0650
(2,3) 0.5551 0.5551
(2+4) C.277C 0.0648
{354) 0.3526 1.1818
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ENERGY LEVELS AND TRANSITION PROBABILITY

MATRIX ELEMENTS

FOR CR(+3) IN RUBY (AL2-03)

THETA= 54.733

DEGREES H=

40CC.8 GAUSS

FIRST RCW OF EIGENVECTOR IS REAL PART, SECOND ROW IS IMAG. PART

EIGENVECTCR FOR
Al4)

E{4)= 18.84546

Bl4)

GHZ
Cl4)

D{4)

0.2736778E 0Q
0.3005740E 0O

0.5171491E GO
0.5679728E 00

0.3245446E 00
0.3564397E €O

0.7479146E-C1
0.8214172E-C1

EIGENVECTCR FOR

E(3)= 4.67359

GHZ

A(3)
-0.7128297F 00

~ B(3)
~0.6672811E-01

C(3)
0.6486593E €O

0{3)
0.2550454E CO

0.2866153E-01

0.2683011E-02

~0.2608136E-01

-0.102548%E~01

EIGENVECTCR FOR
A(2)

E{2)= -4.67310

B(2)

GHZ
C(2)

D{2)

0.4839336E 00
0.2985461E 00

-0.5279271E ¢¢C
~0.3256863E CO

0.3703368E CO
0.2284665E 00

0.2725487E CO
0,1681395E G0

EIGENVECTCR FOR

E{l)= -18.,84594

GHZ

. AL
~0+4145993E-01

B(1)
0.1196968E 00

c(1)
-0.3292722E 00

D{1)
0.7528807¢ CO

0.2770562E-01

~0.7998748E-01

0.2200363E GO

-0.5031129E 00

E(4)-E(3) E(4)-E(2) E{a)-E(1) E(3)-E(2) E(3)-E(1) E{2)-E(1}
14.1719 23.5186 37.6914 9.3467 23.5195 14.1728
TRANSITION PROBABILITY MATRIX ELEMENTS
TR(K,L) ALPHA(K,L) I*BETA(K,L) GAMMA(K4L) )
REAL IMAG ABS REAL IMAG ABS REAL IMAG ABS
{1,2}) 0.5302 1.1593 1.2748 1.2335 ~0.5641 1.3564 _-0.3627 =0.793C 0.8720
(1,:3) 0.7770 0.4752 0.9108 0.4568 -0.7470 0.8756 -0.28%94 ~0,1770 C.3392
{144) 0.0365 0.,2425 0.2453 0.2499 —-0.0376 0.2528 ~-0.6091 -0.,0604 0.0611
(2,3) 0.3232 -0.2178 0.3897 -0.8764 —1.4490 1.7472 -1.4125 0.9518 1.7032
(254) 0.7126 0.2045. 0.7413 0.0709 —-C.2470 0.2569 ~0,0957 -0.0275 0.0995
(344) 0.1767 0.2105 0.2748 1.5716 -1.3195 2.0521 -0.8483 -1.0104 1.3193
TRIK,L) e 25k (ALPHA*#2+GAMMAX%2) 225% (BETA%%2)
{1,2) 0.5963 0.45%9
{1,3) 0.2361 "€,1917
(154) 0.016¢C 0.0160
12,3) C.7632 0.7632
{244) 0.1399 0.0165
{3+4) 0.454C 1.0527
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ENERGY LEVELS AND TRANSITIGON PRCOBABILITY MATRIX ELEMENTS

FOR CR(+3) IN RUBY (AL2-02)

THETA= 54,733

DEGREES H=

60C0.0 GAUSS

FIRST RCOW OF EIGENVECTOR IS REAL PART,

SECOND ROW IS IMAG. PART

EIGENVECTCR FOR El4)= 26.62367 GHZ
At4) B(4) Cl4a) D(4)
0.3260342E 00 0.4918651E 00 0.2956715E G0 0.7469604E-C1
0.36689S0E 00 0.5535150E 00 0.3327307E 00 0.8405837&-0C1
EIGENVECTCR FOR E(3)= 7.57222 GHZ
A(3) B(3) Ci{3) D(3)
~0.6926710E 00 0.6994532E-01 0.5845673E 00 0.2488876E COQ
~0.2455645E 00 0.2479689E-01 0.2072398E CO 0.8823518E-01
EIGENVECTCR FOR E(2)= =~T7.,57165 GHZ
A{2) 8(2) c{2) D(2)
0.2399894E£ 00 -0.3312925€ 00 ©0.2317362E 00 0.2167272E GO
-0.3966029E 00 0.5474891EF 00 -0.3829638FE 00 -0.3581601F €O
EIGENVECTCR FOR Efl)= -26.62424 GHZ
A1) B{(1) c(1) D1}
~0.2936079E-01 0.8779319tE-01 -0.2134482E 00 0.3949444E €0
-0.5692808E~01 0.1702235E 00 -0.4138580E 00 0.7657636E GO
Et4)-E(3) E(4)-E(2) E(4)-E(1) E(3)-E(2) E(3)-E(1} E(2)-E{1)
19.0515 34,1953 53.2479 15.1439 34.1965 19.0526
TRANSITION PROEBABILITY MATRIX ELEMENTS
TR(K,L) ALPHA(K,L) I#BETA(K,L) GAMMA(K,L)
REAL IMAG ABS REAL IMAG ABS REAL IMAG ABS
(1,2) - ~0.6918 —-1.1272 1.3226 -1.2895 0.7514 1.5129 0.5677 " 0.925¢0 1.0853
(1,3) 0.4586 -0.4306 0.629C ~0.4082 ~C.4347 0.5963 -0.1737 0.1631 ¢.2383
(1,4) 0.1309 -0.0335 0.1351 =0.0346 ~0.1355 0.1398 ~0.0348 0.0089 C.0359
(243) 0.1619 0.7847 0.8012 1.8218 -0.3759 1.8602 ~0.3392 -1.6441 1.6788
(254) ~0.,1637 0.5289 0.5537 0.3149 0.0874 0.3296 0.0389 -0.1258 C.1317
{344) 0.3762 0.2073 - 0.4295 0.9367 -1.6999 1.94C9 -1.2195 ~-0.6719 1.3923
TR{KsL) o 25% (ALPHA®*%2+GAMMAX%2) «25%(BETA%**2)
(1,2) 0.7318 0.5722
{1,3) 0.1131 0.0889
{1,4) 0.0049 0.0049
(2,53) 0.8651 0.8651
{254) 0.0810 0.0272
{13+4) 0.5308 0.9418

JPL TECHNICAL MEMORANDUM 33-440

15



ENERGY LEVELS AND TRANSITICN PROBABILITY MATRIX ELEMENTS

FOR CR(+#3) IN RUBY (AL2-02)

THETA= 54.733 CEGREES H= 8060.0 GAUSS

FIRST RCW OF EIGENVECTOR IS REAL PART, SECOND ROW IS IMAG. PART

EIGENVECTCR FCR E{(4)= 34,65038 GHZ
A(4) B(4) Cl4) 0{4)

C.5331336E 0C OC.7111348E 00 0.4154470E CO 0.1C98027E CGC
0.8607282E-01 0.1148106E CO 0.6707267E—-01 0.1772732E-C1

EIGENVECTCR FGR E(3)= 10.50438 GHZ

A(2) B8(3) c(3) De3)
-0.,6827994E 0Q 0.133929%E GC 0.57S0559E 00 0.2569526F CO

-0.24554G3E 00 0.4816405E-01 0.2082409E 00 G.9240567E-C1

EIGENVECTCR FCR E(2)= -10.50379 GHZ
A(2) B(2) ci2) D(2)

0.4011253E 00 -0.6126562E 00 O0-4150245E 00 0.4499614E 0O
—-0.12540176E 00 0.1915405E 00 -0.1297530F 00 -0.1406757E CO

EIGENVECTCR FOR E{1l)= -34.65097 GHZ

A(l) B(1) c(1} D(1)
0.1283144E-01 -0.3923142E-01 0.8969429E-01 -C.1475854E CO

~0.7111393E~01 O0C.2174269E 00 -0.4971004E 00 0.8179421E CO

E{4)-E(3) E{4)-E(2) E(4)-E(]1) E(3)-E(2) E(3)-E(1) E{2)-E(1)

24.1460 45.1542 69.3013 21.0082 45,1554 2441472

TRANSITION PROBABILITY MATRIX ELEMENTS

TR{K,sL) ALPHA{K L) I*BETA(K,L) GAMMA{K,L)
REAL IMAG ABS REAL 1MAG ABS REAL IMAG ABS
(152) -0.5999 -1.1480 1.2953 ~13962 0.7296 1.5753 +5506 1.053¢ 1.1888
"{143) 0.0796 -0.4730 0.4796 -0.4430 -0.0745 0.4492 -0.0301 0.1788 0.1813
(1,4) -~0.0015 -0.0832 £.0832 ~0.0863 0.0016 0.C0863 C.C004 00227 €.0227
(2,3) 0.7591 C.5749 C.9523 1.155%5 -~1.5255 1.6137 -1.3233 -1.0022 1.6600
{244) 0.3915 0.1955 0.4375 0.1348 -0.2700 0.3C18 ~0.,1090 -0,0544 C.1218
{344) 0.5423 - -0.1016 ° 0.5517 ~0.3472 ~1.8535 1.8857 -1.3988 0.262C 1.4231
TR{KyL) w25F (ALPHA¥X2+GAMMASX2) «25%{BETA®%2)
{(1,2) 0.772¢ C.62C4
(143) 0,0657 0.0504
(1,4) 0.0019 0.0019
(243) 0.915¢ 0.9156
(244) 0.0516 0.0228
(34+4) 0.5824 0.,8890
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ENERGY LEVELS AND TRANSITION PRCBABILITY MATRIX ELEMENTS

FOR CR(+3) IN RUBY (AL2-03)

THETA= 54,733

DEGREES

H= 100CC.0

GAU

SS

FIRST RCw OF EIGENVECTOR IS REAL PART,

SECOND RCW IS IMAG. PART

EIGENVECTCR FGOR E(4)= 42.80011 GHZ
Al4) B(4) Ci4) D(4)
0.4583615E 00 0.5661965E CO0 0.3242855E 00 0.8800243E-C1
G.3411084E 0C (.4213545E C0 0.2413282E 00 0.6549002E-C1
EIGENVECTCR FCR E(3)= 13.40302 GHZ
A(3) B(3) Ci3) D(3)

0.2464149E 0O

~0.6282331E-0]1 -0,2123505E

co

—0.9675386E~C1

~0.6700862E G0 O0.1708380FE 00 0.5774535E 00 0.2631067& CO
EIGENVECTCR FCR E(2)= -13.40241 GHZ
A(2) B{2) C(2) . D(2)
0.3465850E 00 -0.5593129E 00 0.3673969E 00 0.4395140E CO

~-0.1941739E 00 23133545F OC ~0.2058337FE 00 ~C.2462372€ CO
EIGENVECTCR FCR E(l)= -42,.,80072 GHZ
A(l) 8(1} C{l) o)
—~0.6762784E~01 0.2039206E 00 -0.4629027E 00 C.7074158E CO
-0.3765385E~01 0.,1168797E CC ~0.2577351E G0 0.3938752E CO
El(4)-E(3) E(4)-E(2) E(4)-E(1) E{3)-E(2) E(3)-E(1) E{2)-E(1)
29.3971 56,2025 85.6008 26.8054 5642037 29.3983
TRANSITION PROBABILITY MATRIX ELEMENTS
TR{K,sL) ALPHALK,L) I*BETA(K,L) GAMMA(K,L)
REAL IMAG ABS REAL IMAG ABS REAL IMAG ABS
(1,2) 0.6615 =~1.0739 1.2613 -1.3702 ~-0.8440 1.6093 -0.6539 - 1.061¢ 1.2469
(1,3) 0.0600 ¢.3822 0.3868 0.3545 -0.0556 0.3589 -0.0225 -0.1437 C.1454
(144) 0.0553 0.0073 0.0558 0.0076 ~-0.0573 0.C578 -0.C153 -0.002¢ C.0154
(2,3) ~0.7779 0.6656 1.0238 1.2626 1.4757 1.9422 1.2540 -1.072% 1.6504
(244) 0.1469 0.3287 0.3601 0,2423 =-0.1083 0.2654 -0.0439 -0.0982 C.1076
(3,4) 0.1803 -0.6101 0.6362 ~1.7776 -0.5254 1.8536 ~-0.4071 1.3774 1.4363
TR{K,L) 225 % (ALPHAX¥2+GAMMAX%2) «25% (BETA%%2)
(1:2) 0.7864 C.b474
(1,3) 0.0427 0.0322
(1,4} 0.0008 C.0008
(2,3) 0.9430 0-.9430
(244) 0.0353 C.C176
(3:4) 0.6169 0.8589
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ENERGY LEVELS AND TRANSITICN PROBABILITY MATRIX ELEMENTS

FOR CR{+3)

IN RUBY (AL2-032)

THETA= 90.000

DEGREES

0.0 GAUSS

FIRST RCW OF EIGENVECTOR IS REAL PART,

SECOND RCW IS IMAG. PART

EIGENVECTGOR FOR
A(4)

E(4)=
B(4)

5.73000

GHZ
C(4)

D{4)

0.2818598E-33

0.,1787986E-33 -

0.4361551€ 00
0.3161147E €O

0.3148621E CO
0.7814742E QO

0.5128783E~34
0.3324911£-33

EIGENVECTCR FOR

E(3)=

5.73000

GHZ

A(3) -
0.1011291E-32

B(3)

C(3)

0.2958702E G0 0.6753C012E 00

D(3)
0.8325003E-33

- 0e5755642E-33

0.3490809E 00 -0.5784217E GO

0.5933537€-33

EIGENVECTCR FOR
A2}

E{2)=
B(2)

-5.730G0

GHZ
C(2)

D(2)

0.3977284E 00
0.2032546E 00

0.2184034E-33
0.3136773E-33

0.7837963E~23
0.5751073E-33

0.8849286E CO
0.1319133E €O

EIGENVECTCR FOR

E{l)=

-5.73000

GHZ

A(l)
0.3737572E-01

B(1)

0.2018054E~-33

c1)
0.1259577E-32

D(1)
-0.2580811E €O

0.9538448€ 00

0.8100750E~33

0.8453049E-33

0.1489204E CO

E{4)-E(3) E(4)-E(2) E(4)-E(1) E{3)-E(2) E(3)-E(D) EL2)-E(1)
C.C000 11.4600 11.4600 11.4600 11.4€00 -0.0000
TRANSITION PRCEABILITY MATRIX ELEMENTS
TR{KsL) ALPHA(K,L) I*BETA(K,L) GANMMA(K4L)
REAL IMAG ABS REAL IMAG ABS REAL IMAG ABS
(142) 0.0000 -0.0000 €.0000 0.C000 0. 0000 0.0000 1.2524 -0,6178 1.3965
{1,3) 0.1448 -0.3818 0-4084 0.5506 1.0469 1.1829 0.C000 -0.000C ¢.0000
{(1,4) 0.6113 -1.1307 1.2853 0.2696 04897 0.5590 ~0.C000 -0.0000 €.0000
(2,3) 1.2296 -0.9045 1.52€5 ~1.1772 -0.5762 1.31¢C6 ~0.C000 -0.0000 €.0000
(244) 1.0729 1.1901 1.6023 1.0616 =~0.2494 1.0905 -0.0000 -0.0000C 0.0000
(3,4) 0.9553 1.1741 - 1.5136 C.6889 0.5085 0.8563 C.4788 -0.768¢ 0.9055
TRIKyL) o 25% (ALPHA®%24+GAMMAR%2) «25%(BETA%*%2)
{(1,2) 0.4876 C.00C0
{1,3) 0.0417 0.3498
{(154) 0.413¢ 0.0781
(243) 0.5825 04294
(244) 0.6419 0.2973
{354) 0.7778 0.1833
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ENERGY LEVELS AND TRANSITION PROBABILITY MATRIX ELEMENTS

FOR CR{+3) IN RU

BY (AL2-03)

THETA= 90.000 DEGREES H=

2000.0 GAUSS

FIRST RCOW OF EIGENVECTOR IS REAL PART, SECOND RCOW IS IMAG. PART

12.58468

EIGENVECTOR FOR E(471= GHZ
’ Al4) B(4) Cl4) , Di4)
0.1042252E 00 G.2950279E 00 0.3950279E 00 0.1042252E GO
0.1472356E 00 0.5580428E 00 0.5580428FE 00 G,1472356E 0O
EIGENVECTCR FOR E(3)=  2.86650 GHZ
AL2) B(3) T €(3) D(3)
0.2971850E 00 0.5286935FE 00 —-0.5286935E 00 —0,297185CE €0
" 0.1781381E 00 0.3169086E 0C —0.3169086F 00 —-C.1781382E GO
EIGENVECTCR FCR E(2)= -7.00494  GHZ
AL2) B(2) v c(2) D(2)
0.6253559E 00 -0.1649957E 00 —0.1649955€ 00 C.6253557E GO
- 0.2763855E 00 ~0.7292234E-01 -0.7292228E~-01 0.2763854E 00
EIGENVECTCR FOR E{1)= —-8.44624 GHZ
AT B c( GTEY)
0.2072887E 00 ~0.1165195E 00 0.1165195E 00 -0.2072888E G0
—0.5804990E 00 0.3263056FE 00 —0.3263056F 00 C.5804992E GO
E(4)-E(3) E(41-E(2) E(4)1-E(1) E(3)-E(2) E(3)-E(1) E{2}-E(1)
9.7182 19.5896 21,0309 9.8714 11.3127 1.4413
TRANSITION PROBABILITY MATRIX ELEMENTS
TR(KsL) ALPHA(K,L) T*BETA(K,L) GAMMA(K,L)
REAL IMAG ABS REAL IMAG ABS REAL IMAG ABS
(1,2) 0.0000 -0.0000 0.0000 -0.6836 ~0.0501 0.6855 ~0.1940  2.6465  2.6536
11,3 ~0.3435  1.7207  1.7546 0.0000 0.0000  0.CCCO 0.0000 -0.0006 €.0000
{1,4) 0.0000 -0.0000 0.0000 -0.5966 ~0.4186  0.7288 -0.1111  0.1583  0.1934
(2,3) 0.0000 0.0000 0.0000 <0.2620 2.1049 2.1212 1.1898  0.1481 1.1990
(244) 0.8698 0.5198 1.0133 -0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
(354) -0.0000 -0.0000  0.0000 ~0.8549  1.9413 2.1212 1.1146  0.4908  1.2179
TRIR;L) < 25%(ALPHAX#I+GARNAT®2) 25%(BETA®%2)
(1,21 1.7604 0.1175
{1,3) 0.7697 0.0000
11,4) 0.0093 0.1328
{2:3) 0.3594 1.1249
(2,4) 0.2567 0.000C0
{3,4) 0.3708 1.1249
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ENERGY LEVELS AND TRANSITICN PROBABILITY MATRIX ELEMENTS

FOR CR{+3) IN RUBY (AL2-03)

THETA= 90,000

DEGREES

H=

4000.0 GAUSS

FIRST RCW OF EIGENVECTOR IS REAL PART, SECOND RCW IS lMAG. PART

EIGENVECTCR FOR
Al4)

Ela)= 20.45625

B(4)

GHZ
Cla)

D(4)

0.15758C9E 0O
0.1873711E 00

0.4269750E 00
0.5076935E 00

0.4269750E 0O
0.5076935E CO

0.15758C9E GO
0.1873711E €O

EIGENVECTCR FCR

E{3)= 4,08582

GHZ

A(3)
-0.8614643E~-03

B(3)
~0.,8749624E-03

Ci3)
0.8749624E~-03

D(3)
0.8614643E~-C3

0.4960975E OO

C.5038707€ CO -0.5038708E 00 -0.4960975E CO

EIGENVECTCR FCR
A(2)

E(2)= -9.29677

B(2)

GHZ
Ci2)

D{2)

0.18090C%E 00
0.6382282E 00

~0.€676394E-C1
~0.2355468E 00

-0.6676392E-C1
~0.2355467E 00

C.18089C09E CO
0.6382281E CO

EIGENVECTCR FOR

E(l)= -15.24530

GHZ

A(l)
-C.7350251E-01

B(1)
0.7236858E-C1

ci1)
-0.7236859E-01

D{1)
0.7350252E-C1

0.4984815E 00

-0.4907915E 0O

0.4907915E CO

~C.4884817E CO

E(4)-E{(3) E{4)-E(2) E(4)-E(]1) E(31-E(2) E(3)-E(1) E(2)-E(1)
16,3704 29.7530 35,7015 13.3826 19,3311 5.9485
TRANSITION PRCBABILITY MATRIX ELEMENTS
TR{K,sL) ALPHA(K,L) I*BETA(K,L) GAMMA(K,L)
REAL IMAG ABS REAL IMAG ABS REAL IMAG ABS
(1,2) -0.0C00 0.0000 0.0000 0.4915 1.0931 1.1985 2.0506 -0.9221 2.2484
(1,3) 1l.0161 -0.148C 1.0268 ~0.0000 -0.0000 0.00¢C0 -0.0000 0.0000 ¢.0000
{1,4) ~-0.0000 0.C00¢C C.00C0 0.1963 C.173% 0.2€22 C.0544 -0.0612 €.0820
{(2,43) 0.0000 0.0000 0.0000 -0.5685 1.992¢ 2.0721 1.6616 0.4741 1.7279
(254) 0.6083 -~-0.2739 C.6671 -0.0000 -0.00€CC 0.CCCO ~0.C000 0.0000 0.0000
(3+4) -0.0000 0.0000 0.00C0 1.3220 1.56¢€4 2.0497 1.0678 ~0.9C12 1.3973
TR{K,L) «25F (ALPHAX X2 +GAMMAX%2) «25%{BETAX%*2)
(1,2) 1.263% 0.3591
(1,3) C.263¢ 0.C000
(154) 0.0017 c.C172
(2,3) 0.7464 1.0734
(2+4) 0.1113 0.0000
(3,4) 0.4881 1.0503
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ENERGY LEVELS AND TRANSITION PRCBABILITY MATRIX ELEMENTS

FOR CR(+3) IN RUBY (AL2-03)

THETA= 90.000

CEGREES H=

60CC.C

GAUSS

FIRST RCW CF EIGEANVECTOR IS REAL PART,

SECOND RGCW IS IMAG. PART

EIGENVECTCR FOR E(4)= 28.59212 GHZ
A(4) B{4) C(4) Dit4)
0.1444047€ 00 0.3418925E 0C 0.3418925E 00 0.1444C47E CO
0.2341825E 00 0.5544505E CO 0.5544505E 00 C.2341825t €O
EIGENVECTCR FCR E(3)= 6.36533 CHZ
A(2) B{(3) C(3) BD(2)
-0.3342972E 00 -0.2789234FE 00 0.2789234E 00 ©.3342972E €O
0.42782C3E 00 0.3569550E COC -0.3569551F 00 -0.4278203E CO
EIGENVECTCR FCR E(2)= -11.85290 GHZ
AlL2) B(2) c{2) Bi{2)
0.5510435E 00 -0.2327435E 00 -0.2327434E C0 0.5510435E €O
0.3473571E 00 ~0.1467127E OO0 -0.1467127E 00 0.3473571E €O
EIGENVECTCR FOR E(l)= -23.10455 GHZ
All) 8(1) c(1) (1)
0.4525955E 00 -0.5424479E 00 0.5424480F 00 -0.4525956E CO

0.19299456-01

~0.2313092E-C1

0.2313092E~01 —-0.1929946E-C1

E{a)I-E(1)

E(4)-E(3) E{4)-E(2) E{3)-E(2) E(3)-E(1) E(2)-E(1)
22.2268 40.4450 51.6967 18.2182 29.4699 11.2516
TRANSTTICON PRCEABILITY MATRIX ELEMENTS
TR{KsL) ALPHA(K,L) I*BETA(K,L) GAMMA{K,L)
REAL IMAG ABS REAL IMAG ABS REAL IMAG ABS
(1,2) -0.0000 -0.000C 0.00090 —-0.6909 1.2072 1.39¢C9 1.7959 1.0278 2.0693
(1,3) -0.3917 0.5479 0.6735 0.0000 C.0C00 0.0CGCO 0.0000 -0C.0000C C.0000
(1,4) -0.0000 -0.0000 C.00cC0 -0.1035 0.0701 0.1250 0.0227 0.0335 C.0405
(2,3) -0.0000 -~0.0000 0.0000 —-2.0278 ~0.,2052 2.0382 ~0.1885 1.8632 1.8727
(2+4) 0.4407 0.216C 0.45908 0.0000 -0.0CQC 0.00090 -0.0000 -C.0C00 C.0000
(3,4) -0.0000 0.0000 0.0000 1.8507 0.6859 1.5737 0.5166 ~—1.3938 1.4864
TR(K,L) «25% {ALPHA®X2+GAVMMA%%2) «25%{BETA%%2)
(1,2) 1.0705 C.4836
(1,3) 0.1134 0.0000
(1,4) 0.0004 0,0039
(2,3} C.8768 1.0386
(2,4) 0.0602 C.00C0
(354) 0.5524 0.9739
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ENERGY LEVELS AND TRANSITICN PROBABILITY MATRIX ELEMENTS

FOR CR{+3) IN RUBY (AL2-03)

THETA=

90.000 DEGREES

H=

8000.0 GAUSS

FIRST RCWw OF EIGENVECTOR IS REAL PART,

SECOND ROW IS IMAG. PART

EIGENVECTCR FOR E(4)= 36.82767  GHZ
Al4) B(4) , ctal D(4)
0.2545461E 00 0.5604538E 00 0.5604538E 00 0.2545461E CO
0.1439034E 00 0.3168433E 00 0.3168433E 00 0.143S034E CO
EIGENVECTCR FOR E(3)=  8.91740  GHZ
A{3) B(3) WEY 0(3)
-0.1793656E 00 -0.1359237E 00 0.1359237E 00 0.1793656E 00
0.5342626E 00 0.4048656F 00 -0.4048656E CO ~0.5342626E GO
ETGENVECTCR FOR E(2)= -14.50872  GHZ
AL2) B(2) c(2) D(2)
0.4830033E 00 —0.2193698€ 00 -0.2193697E 00 0.4830C33E 0O
0.4256828E 00 -0,1933360FE C0 ~0.1933360FE 00 C.4256828E GO
EIGENVECTCR FOR E{1)= -31.23635  GHZ
AT B(1) W) GTEY)
0.4083025E 00 —-0.5387980E GC 0.5387980E 00 -0.4C83025E CO
0.1252217E 00 -0.1652432E 00 0.1652432E 00 ~0.1252218E CO
E(4)-E(3) E(4)-E(2) E(4)-E(1) E(3)-E(2) E(3)-E(1) TE(2)-E(1)
27.9103 51.3364 68.0640 23.42¢€1 40.1538 16.7276
TRANSTTION PROBABILITY MATRIX ELEMENTS '
TRIK,L) ALPHA(K,L) T#BETA(K,L) " GAMMA(K,L)
REAL IMAG ABS REAL IMAG ABS REAL I1MAG ABS
11,2) -0.0000 =-0.0000  0.0000 -0.,6114  1.3516  1.4835 _1.8034  0.8158  1.9793
(1,3) 0.0130 0.4942 0.4943 0.0000 -0.0000  0.0000 €.0000 -0.0000 0.0000
(1,4) -0.0000  0.0000 _ 0.0060 -0.0155  0.0703  0.0720 0.0231 ©.0051  0.0236
2,3) <0.0000 -0.0000  0.0000 -1.8643  0.7849  2.0228 0.7478  1.77162  1.9272
(254) 0.3783 -0.0798  0.3867 -0.0000 -0.0000  0.00G0 -0.C000  0.000C _ €.0000
(3,4) ~0.0000 0.0000  0.0000 1.8893  0.3646  1.9241 0.2916 ~-1.5108  1.5387
TRIKsL)  .25% (ALPHAR#2+GANNA®#2) <25% (BETA%%2)
(1:2) 0.9794 0.5502
(1,3) 0.0611 0.00C0
(1s4) 0.0001 0.0013
(2,43} 0.9286 1.0230
(2,4) 0.0374 0.0000
_(3,4) 0.5919 0.9256
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ENERGY LEVELS AND TRANSITION PROBARILITY MATRIX ELEMENTS

FCR CR(+3) IN RUBY (AL2-03)

THETA= 90.000

DEGREES

H= 1

0000.0 GAUSS

FIRST RCW OF EIGENVECTOR IS REAL PART,

SECOND ROW IS IMAG. PART

EIGENVECTCR FOR
A(4)

El4})= 45.11069

Bl4)

GHZ
Ct4)

D{4)

0.1754916E 0C
0.2476288E 00

0.2692779E 00
0.5210725E 00

0.3692779E 00
0.5210725E 00

-0.1754916E €GO

0.2476288E 00

EIGENVECTCR FOR

E{3)= 11.57144

GHZ

Al3)
0.5328108E-01

B{3)
0.2815406E~-01

ct3)
—~0.3815406€-01

D(3)
-0.5328108E-01

-0.5724311E 00

-0.4099122E GO

0.4099123E .00

0.5724311E CO

ETGENVECTOR FOR
AL2)

E(2)= ~-17.21200
B(2)

GHZ
c{2)

0t2)

0.4489009E 00
0.4542803E 00

=0.2133308E 00
-0.2158873E 00

-0.2133308E CO
~0.2158872E G0

0.4489009E €O
0.45428C63E CO

EIGENVECTCR FGCR

E{l1)= =-35.47013

GHZ

A(l)
~0.9144489E-02

B{(1)
0.1277003E~C1

C(1)
-0.1277003E-01

B{1)
C.51444G1E-C2

0.4115825E 00

-0.57T47635E 00

0.5747636E CO

~0.4115826E QO

El4)-E(3) E(4)-E(2) E{4)-E(1) E(3)-E(2) E{3)-E(1) E{2)-E(1)
33.5393 6243227 84.5808 28.7834 51.0416 22.2581
TRANSITIGON PROBABILITY MATRIX ELEMENTS
TRIK,L) ALPHA{K,L) I*BETA(K,L) CGANMA{K,L)
REAL IMAG ABS REAL IMAG ABS REAL IMAG ABS
(1,2) -0.0000 0.0000 0.0000 1.1044 1.0690 1.5370 1.3399 -1.3842 1.9265
(1,3) —~0.3879 -0.0274 C.3889 -0.00C0 ¢.GC0C0 0.00C0 6.C000 0.0000 €.0000
(le4) -0.0000 0.0000 0.0000 0.0278 0.0374 0.0466 0.0123 -0,0092 0.0154
(2,3) 0.0000 0.0000 0.0000 1.5431 -1.2959 2.0150 -1.2560 -1.4956 1.9531
(254) 0.3143 0.0517 0.3185 0.C0000 -0.0000 0.6000 -0.C000 -0.000¢ €.0000
(3,4) 0.0000 -0.0000 0.0000 =1.2315 -1.4347 1.89C8 -1.1934 1.0244 1.5728
TR{K,L) o 25% (ALPHA%X*2+GAMMA%X%2) «25% (BETA*%2)
(1,2) 0.9278 C.53C6
(1,3) 0.0378 0.C0G0
{1,4) 0.0001 0.0005
(2,3) 0.9537 1.0151
(2,4) 0.0254 0.00C0
(3,4) 0.6184 0.8937
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